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t s ilWYdn_jk ¤¥inzY_aklfhX*lzhdncﬁX¦lbdgfq_ainkp*§ X dnkf
fhi pqincanXfqSVXTdnXXv¦bdgfh_jilkF_ak dlwinbp}fh_aw_jk fqSVX'fh_jWYX s inWdn_jk bpu_akV8drk _jkfqXvnzdrcﬁ¤¥inzhWbVcedgfh_jilk
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Wbc¼fh_jmCincaXﬁWYX*fqSVi s fh_jWYX s inWdr_akIg_akfqX*lzhdncnX¦lbdgfq_ainkp*"TdnXÎX¦lbdgfq_ainkÕdlw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ced%W\*fqSVi s XW%bVcjfq_am£lcjXzdrmV_ s Xw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sur Γ× 	 +,
u+(x,0) = 0 dans Ω+
∂u+
∂t
(x,0) = 0 dans Ω+
?w*X\mzqilVcjUvWYX
(P+)
Iilk wSin_epu_jf s   dlpqpqiow_aX*zcjXYmVzhincjUvW\X
(P−)






























sur Γ× 	 +,
u−(x,0) = 0 dans Ω−
∂u−
∂t




































































































λ = −p/ik = c.p/(−iω) dDIk s   SVir­
WYiln*k*_epuXvzcjXpgdnzq_edrVcaXvpXf s X%pqt`W\*fqzh_apqX*zNcjX\putopufqUvW\Xl§C°ª  ilmvzhdrfq_aink s X s _a_epq_jilkKmdrz −iω s dnkp
caX s inWdr_akVX%¤¥zq¦bVX*kfq_aX*c
¦lb_jgdrbVf¢Xvk:fhX*WYmilzqXvc{©bVkX%_akfq*lzhdrfq_ainkI§°IXYwSdnkVnXvW\Xvkf s X\gdrzh_adnVcaX

















 P(x,t) Xp}fbVk_¼¤¥ilzqWY*WYXvklfk`bVcacaX,milbVzTfqilbof t ≤ 0 §]`_ s drkp2A 9 ilkPzqXvW\mcadlwX
p









































































































































































kKpqX s inkVkXmilbVzcedYzqpuilcjbofh_jilk s X,wX,mzqilVcjUvWYXbVkPmdnp s XfqXvW\mp
∆t
X*fmilbVz
n ≥ 0 ink'kVirfhX tn = n∆t §
¨
kbVfq_acj_epuX,dncjilzhp bVkX s _aphwzhfh_aphdgfh_jilkyXvkfhX*WYmpv§
°ÕXvp ¤¥inkw3fq_ainkp s XdnpqXvppqinkfkVinfq*Xp
γn(t)
2
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*inkp,kVinbp s drkpbk mzqXvW\_aX*zfhX*WYmp s drkpcaXw*dlp s   bVk8ino|}X*f
Ω
zh_jl_ s Xn§I¢drkp,w*Xw*dlp*ﬂcaXvp
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)− 2χm(tn + |x− y|
c












− tm−n−2)− 2χ1( |x− y|
c
























k = m−n §r°ÕXﬁfhX*zhWYX χ1(|x− y|/c−tk) dnbVzdÎ|}bpufqXmCinbz{X«Xf s XTzhXvpufqzhX*_ak s zhX
c¡ V_akfq*lzhdncjXpqbVz
























$wXfqfqX_jkfqvnzdrcaXpuXvzhdKkVink k`bVcacjXmilbVz,fhinbofhXgdrcaX*bz s X






t′ ∈ [−∆t,0] 2%InbVzhXZld9
1
2∆t
((t′ + ∆t)2 − 3t′2) pu_ t′ ∈ [0,∆t] 2%IlbVzhX¢Zl9
1
2∆t
(2∆t− t′)2 pq_ t′ ∈ [∆t,2∆t] 2:InbVzhXZlw79
t’+ t∆
0











0 ≤ t′ ≤ ∆t




∆t ≤ t′ ≤ 2∆t
 























k = m−n X*kfhX*WYmpv§ ¨ kkVinfqX Mk ced,Wdgfhzq_ewX s Xfhdn_jcacjX


























































(2∆t2 − (tk − |x− y|
c

































































































(x,t) = ~n.~∇uinc(x,t) = ~n.~r
c











~n.~r [uinc(x,tn)− uinc(x,tn−1)] ϕi(x) dx
hji
hjii   



































k s _ep}fh_jknbVX¢fqzhin_epTmdnzufh_jXp s drkpw*XfqfqXv¦bdrfq_aink n
°IXfhX*zhW\X
Ln









y{S`topq_a¦bVXvW\XvkfvCcadY¤¥ilzqWYX s X%wX*fufhXv¦bdrfq_aink=pv  X*x`mcj_e¦bVXmdnzcaX,¤@dr_jf¢¦bVX%wX%¦bV_$puX%mdnphpqX,©cad
s dgfqX¢k 2  % 
An
9ﬁXvpufcad\wilkpu¦bVX*kw*X s Xw*X¢¦bV_Ipv  Xp}fTmdlpqpqN©\ced s drfqX
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X\cA  inV|}Xf 2@wn§ ©§
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°ÕXvpTmVzh_jkw_amdrcaXvp¦bdncj_jfqp s X,wX*fufqXWY_epuXXvk'¦bdgfh_jilk s bPmVzhincjUvW\XpqinkfTn
°IXpWdgfqzh_ewXvpTpqinkfcjXpWY¬*WYXvp©YwSdl¦bVXfhdnmXl§
 ;{cacjXppuilkfTXvkPkVinW%VzqX Ik_ noX*cacaXvppqinkfk`bVcjcaXvpTmCinbz
k < 0
inb
k > 2 + L/c.∆t
§
 ;{cacjXppuilkfw*zqXvbpqXvpgn
c¡  XvkpqX*WcjX s Xp
Mk
zhX*mVzhvpqX*kfhXX*k fhX*zhW\X s X=pufqiow gdrlXc¡  ¦bV_jgdncjXvklf




pu_aVcaX@n`dnXvwTbkpuilcjlX*bVzﬁ_¼fh*zdgfh_¼¤IwilWYW\X ²= ilb²=`;ª]`ced,wilk`nX*zhnXvkwXXp}fªfqzhUvpﬁzhdnmV_ s X














Mk.An−k + Nk.Bn−k = Ln
∑
k≥0
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k nil_¼fbVkVXYkVX*fufhXdrWY*ca_jilzhdrfq_aink s Xcad'mVzhvw*_apq_jilk s b8w*dncaw*bVc¡IdnXvw%bVkVXYXvzqzhX*bVz
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¢drkp
w*XfufhXpuXw3fq_ainkÕvkVilbp
drcacjilkp)mVzqpuXvkfqX*z$cedWYfhSVi s X WbVcjfq_am£lcjXTzdrmV_ s X d s dnmofqvXﬁ©Ncad¤¥inzhWbo­
cedgfh_jilkYX*kmCirfqXvkfq_aX*cep{zqX*fhdnz s p s dnkp{caXw*dnp s   bkino|}X*fªzq_an_ s Xl§ BkVXilkVkVXwilkVkdn_aphpqdnkwXTmVzhvdncadnVcaX
s XvpkVinfq_ainkp¢Xf s b liow*drbVcadn_jzhXbVfq_acj_epup s drkpcjXw*d s zhX s XcedP±{²K² ¤¥zhv¦bVXvkfq_aX*cacjXﬃ254avD6%9¢pqX*W%VcjX
pqinbSdr_jfhdnVcjXl§
 LGK  f0UGZ <U  c P)c)W VXc
¢drkp


























































































































































































































Ln+k ← Ln+k −Mk.An §
~N  XvpufwX*fufqX s X*boxo_aU*WYXfdrmCX,¦lbXcad\WYfhSVi s X,Wbc¼fh_jmC£ncaXfqXvW\mCinzhX*cacaXpqXmVzhinmCilpqX s   dlw*w**ca*zhX*z§
¨
kpqX s ilkVkVX s inkwbVkVX¤¥ilkw3fh_jilk
Φ(x,t)







































k%mXvbof$zdrmmVzqiowSVXvzÕwX*fufhXﬁWY_epuXﬁX*k¦bdgfh_jilk s X w*X*cacjXª¤@d efqXTdnXw{cadWYfqSi s XﬁW%bVc¼fh_jmC£ncaX zhdnmV_ s X

































































































































































2ApuXw3fh_jilko§  V§ 9{¦bI  _acXp}fﬁfqzhUvpªpq_aW\mcjX s XcaXvpﬁzh*_aklfhzqi s b_jzhXn§
¨








G(|x− y|,t) ∗ Φ(y,t)ϕi(x)χm(t) dxdydt 2}n89






























X S § ¨ kKkirfqX ~R = −→yx §X\WdrkV_aU*zhX,¤¥ilzqWYX*cacaXnzhX*drz s inkp
c¡  inmC*zdgfqXvbVzTn
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°ÕXmVzqXvWY_jXvzfqX*zhWYXXvpufXxVdnwfqX*WYXvklf,caXkVigtdrb s X¢zqXvX*k5fqX*cﬁ¦lbÕ  _acÎXvpuf s IkV_jf,mdrzc¡  ¦bdgfh_jilk








































t + |x− y|/c §~ﬁXvcad\kI  d\V_jXvk=pu¯Vzmdnp s X,pqX*kpTmStopq_a¦bVXl§
°)d IlbVzhX5KfhX*kfqX
s











































































































tempst t t tt
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tempst t t tt
−2 −1 0 +1 +2
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tempst t t tt
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δ(t−t1)∗δ(t−t2) = δ(t−t1−t2) vilkmXvbof)¤@dn_jzhXªdnmVmdrzd efqzhXÎwX*fufhX s winWYmCilpq_¼fh_jilk
s X ~R




pqX s wilW\mCilpqXpqinbpªcad¤¥inzhW\X s XmVzhi s bV_jfhp
s Xw*ink`nilcjbVfq_ainkXvk'fqX*WYmpTn









) ∗ δ(t− ~s.
~M1M2
c





y$inbz s Xvpzdr_epqinkpT¦bV_Õpv  wcedr_azhw*_jzhinkf mVcjbpcjil_jkÕVink¤@dr_jfmilzufhX*zced s *zh_jl*XX*k'fhX*WYmpdnbfhX*zhW\X
Xvk ~M2x
2@zhdnmVmXvcjilkp¦bVX s drkpbVk:mVzqi s b_¼f s X\w*ink`nilcjbVfq_ainkIVced s *zh_jl*X s b5mVzhi s bV_¼fp*  inVfq_aX*kfNXvk
s *zh_jgdrkfbVk=pqX*bVc s XpTfqXvzqWYXp s bPmVzqi s b_¼f-93§





s XKc¡  ¦lbdgfq_aink 2un79 s drkpbkVXKwilkInbzhdrfq_aink mVzqiowSVX
s XwXvcjcaX s XcadInbVzhXKnlIink gd=mzqiow s X*z\drb s wilbVmdrlX s XcedKpqbVzu¤@dlwX s XcA  inV|}Xffhzhdn_¼fh
Γ
Xvk
pqinbp}­ s inWdn_jkVXp s XYfhdr_acacjXpSVinWYinlU*kVXp*§ﬂy$inbz,wX*cedVﬂilk w*ink 
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) ∗ δ(t− ~s.
~MM ′
c



























































) ∗ Φ(y,t)dy 2}*Z,9


















~s ∈ S X*f s X t n











Γ ∩ C drb'mil_jkf M ′ s XcA  Xvpqmdnw*Xn§
C·v  





















) ∗ T ~MM ′(~s) ∗ FC(~s,t)
]
ϕi(x)χm(t) dxdtd~s
 L   UGV  fR<YUGVXWHYU5N[Z]P`c S5W V  _gfc b"Z)U YR
°ª  dncjlinzh_¼fhSVWYX,mVzhvpqX*kfq\©cedpqXvw3fh_jilk5o§íw*ink s bV_¼f©Wdrk_jmVbcjXvz s Xvp¤¥inkwfq_ainkp s !IkV_jXpNpqbVz¢cad
pqmVSVUvzqXTbVk_¼fh s X
	
3 kVirfh*X S Xfª¦bV_ s *mCX*k s Xvkfª*drcaX*WYX*kf s b\fqX*WYmpv§linbp{dncjcainkp
nin_az{wilW\WYXvklf



























































































































































































§?_akpq_AcjXmVzhi s bV_jfXvpuf s XcadnzqlX*bVz s Xdnk s X
2L
§
;{k zhvpqbVWYn s b:mCin_aklf s X\`bVX%pqmdgfh_adnc32Awr  Xvpufu­À©g­ s _azqX,mdrz¢zhdnmVmilzuf¢©cedgdrzh_adnVcaX
~s ∈ S 93kVilbp














pqinkf cjXpﬁmCin_akfhp s   _jkfqvnzdgfh_jilk s Xdrbphp}­À°IXvnXvk s zhXnnX*f caXvp
φj
pqinkfﬁ¦bV_jzh*mdrzqfq_ep"2@nin_az 4j86%9§ ÀcCXp}f
_aWYmilzufdrkf s Xªpqinbcj_ankVXvzI¦bVXªwX*fufhX{¤¥inzhWbVcaX s   _jkfh*nzdgfh_jilkNXp}f)XxVdnwfqX{mCinbVzﬂfhinbofhXvpÕcjXpﬂSdrzhWYinkV_e¦bVXvp
pqmVSVvzq_e¦bVXvp s X¢zhdnkV ≤ 2L lXf s X*`_aX*kfª¤@dnbpqpqXNdnbo­ s X*ce© n c¡  _jkfqvnzdgfh_jilk s   bkVX¤¥ilkw3fh_jilk F s X L2(S)
s inkfÕcedcadnzqlX*bVz s XÎdnk s XﬁpqX*zdr_jfÕpqbVmvzq_aX*bzqXª©
2L
kVX s inkVkVXvzhdn_¼f)mdnp)winWYWYXÎzhvpqbVcjfhdgf)cA  _jkfh*nzdrcaX s X
ced%zqXp}fhzq_ew3fh_jilk
s


























kI  XvpufÕmVcabpÕbVkVX 8+*+- 	-%% )Wdr_ep
s










































drkp 4 ﬀ6 §
 gigi
h
   `º¥ 














































fˆ(−ω) = [fˆ(ω)]∗ 2¥i 















°ÕXvppq_jlkVXvpmVzqpuXvkfhp s dnkpcaXvpX*x`mCinkX*kfq_aX*cacjXp s XpY¤¥inzhWbVcaXvp2}
 
9\Xf 2u  X9YpuilklfwSVil_apq_epmdrz
w*ink`nXvkfq_ainkI§ y$dnzX*xoX*WYmVcaXn cjX &0 E!#-
(*D"#$*( !+ 4a76_aklX*zpuX5wXvp s Xvbox pu_ankXvpv§ NX5cedFWY¬vW\X
WdnkV_jUvzqXl`ink'mXvbofbofh_jca_apqX*z s drkpTcaX s inWdr_akVX¢¤¥zhv¦bVX*kfh_jXvcﬂcad\gdrzh_adnVcaX %mVbVcephdgfq_aink  2¥kVinfq*X
ω
9ﬁilb




9§ Àc$Xvpuf s inkw_jWYmCinzqfhdnklf s X\V_aX*k s IkV_azwX
¦bI  inkPdrmmXvcjcaXfqzdrkpu¤¥inzhWY*X s X±VilbVzq_aX*z s _jzhXvwfqXE2}
 
9ﬁXf_ak`nX*zpqXm2u  9§
°ª  _ s *X s XdlpuXmCinbzÎmVzhX*k s zhXXvkwinWYmofhXceddnzq_edrcjXTfhX*WYmilzqXvcjcaXXp}f s   wSdrkfq_acacjilkVkVX*zr_¡§ Xl§ s X














































     t−pi/∆       t−2pi/∆      t2pi/∆     t−pi/∆    tpi/∆   tpi/∆
∆t






f   (t)
ω)f (




























































mdnzufhinbof§l°Õd%puXvbVcaXwilk s _jfq_ainkmVzhvdncadnVcaXXvpuf ¦bVX
f
pqin_jfﬁ©,dnk s Xca_aW\_jfqvX s dnkp
[−pi/∆t,pi/∆t] §ª°)d8mVbVcepqdrfq_aink ωc = pi/∆t XvpufdrmmXvcjvX  mVbVcepqdrfq_aink s X:t`¦bV_epuf § ¨ k kVinfqX
vldncjXvW\Xvkf
fc = ωc/2pi = 1/2∆t
ced¤¥zhv¦bVXvkwX s XYto¦bV_ep}fﬂXf
λc = c/fc = 2c∆t
cadcjilkVnbX*bVz
s   ilk s X s X\to¦lb_apufv§I°)dmC*zh_ji s XYwilzqzhXvpqmilk s dnklf¢©w*XfufhX\¤¥zq¦lbX*kw*XXvpuf
2∆t
pqin_jfvwSdnklfh_jcacainkp
mdrzcainkVlbVX*bVz s   ink s Xn§
?bofqzhX*WYX*kf s _¼fcaXfqS*inzhU*WYX s X\]`SdrkkVink s vWYinkfqzhX,¦bI  bk=vwSdnklfh_jcacainkVkdnnXmVzhvpqX*zhnX¢fqilbofqX
c¡  _jko¤¥ilzqWdrfq_aink:w*inkfqXvkbX s dnkpbk5pq_jlkdrc
f(t)












































     t−pi/∆       t−2pi/∆      t2pi/∆   tpi/∆
∆tf   ( ω )
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2ipink/N milbVz k = 0,1, . . . ,N − 1
°ÕXvpTfhzhdnkp}¤¥ilzqWdrfq_ainkp s X±inbVzh_aX*z s _epqw*zqU*fqXpTkVX s *mCX*k s X*kf s   drbwbVkPmdnzhdnW\U*fqzhX s _jWYXvkpu_ainkkVX*c
























R  4 ﬀ6Õbofh_jca_apqX,bVkXfqzdrkpu¤¥inzhWY*X s X±inbVzh_aX*zkVilkPkVinzhWdrca_apq*XlVwr  Xvpufu­À©g­ s _jzhXpqdnkp
1/N
s drkpcad
¤¥ilzqW%bVcaX2AV793§$°Î  drmVmcj_ew*drfq_ainkFpqbw*w*Xvphpu_anX s Xpfhzhdnkp}¤¥ilzqWYvXvp s _azhXvw3fhXvpXf%_ak`nXvzhpqXvp s inkVkVXdrcainzpcjX
pq_ankdncCilzq_an_akdncCW%bVcjfq_amVcj_a,mdnzTcjXkVilWVzhX s   vwSdnklfh_jcacainkp
N
§
y$inbz¢pqX%zdrmmVzqiowSVXvz s Xpfhzhdnkpu¤¥inzhW\vXvp s X\±inbVzh_aX*zwinkfh_jk`bVXp*_jc{pqbYf s X%wilWYmdrzhX*zNcjXp¤¥ilzu­
W%bVcaXvp 2¡o79\X*f 2An9 nªink kVirfhX
tn = n.∆t
caXvp s dgfqXp s   vwSdnkfq_acjcainkVkdrnXp*{X*fcA  inkw*inkpq_ s U*zhXPcjX





















































































































f ∗ g oX*fX*cacjXXp}f s IkV_aXmdrzn










































































±inbVzh_aX*z s _epqw*zqU*fqX s X
r ∗ s XvpufcjXmVzhi s bV_jffqX*zhWYX©fhX*zhWYX s Xvp¢fqzdrkp}¤¥ilzqWY*X s X±VilbVzh_jXvz s X rk Xf
sk
§~ﬁXvw_)XvpuffqzhUvp_akfqvzqXpqphdrkfw*dnzwXvcadYmCX*zhWYXf s XzqXvW\mcadlwX*zbkKw*drcewbc s Xw*ink`nilcjbofh_jilk s _ephwzhUfqX
2 O(N2) ilmvzhdrfq_ainkp*9ﬂmdnz)bkVX ±
±
RbVkmzqi s bV_jf$fqX*zhWYX ©fqXvzqWYX s X N gdrcaX*bVzpÕX*f$bkVX ±
±
R _ak`nX*zpqX
2Apuil_¼f O(N log N) inmC*zdgfh_jilkp 9§I]`inbVca_ankVilkpvldncjXvW\Xvkf¦bVX\milbVz,w*dncaw*bVcaX*z¢cA  vwSdnkfq_acjcainkVkdrnX s X











kdrbVzd s ilkw_aklfh*zh¬fﬁ©%w*dncaw*bVcjXvzÎc¡  bVkXXf cA  drbVfqzhX s drkpÎcaX s ilWYdn_jkX¤¥zq¦bVX*ko­
fh_jXvcA§{y$inbzYdnmVmVca_a¦bVXvz%caXfqSVvinzhU*WYX s XPwilk`nincabofh_jilk s _epqw*zqX*f\© wXvp%¤¥ilkw3fh_jilkp*$_acT¤@drb s zdKmzqXvk s zhX
¦bVXvca¦bVXpÎmVzhvwvdrbofh_jilkp s drkpªcadW\XpubzqXi drbwbVkVX s Xvp s X*bVxYkÕ  Xp}f mvzq_ai s _a¦bVXl§4a86CX*x`mcj_e¦bVXNw*X*ced
fhzqUp_jXvkI
XfYmVzqpuXvkfqXbkVXWY*fqSVi s X'milbVzYpuX'mVzhvpqX*zhnX*z s X'w*Xvp\X«Xfp s XCinz s p\X*kFzdg|}ilbofhdnkf
\pqbpqdnWYW\Xvkf  s X®v*zhilpT©Ycad Ik s   bVk s Xp s X*boxPpu_ankdrbox s _ephwzhfq_epqvpv§
 gigi
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kÕ  ilklfmdlpcjXWY¬vW\XpqX*kp*ﬂX*f,_jc{Xp}f,_aWYmilzufdrkf s XwilW%­
mzqXvk s zhX¢mCinbzh¦bVil_A§o°Î  XvpqmdlwX s XvpTmbVcaphdgfh_jilkppqX s vw*inWYmipuX¢X*k'fhzqil_ap s ilWdr_akVXvpTn




ωmax < |ω| < ωc nC~ﬁXpmVbVcephdgfq_ainkpkVX,kVilbp_akfq*zhXvphpqX*kfmdnpv§°ÕXvpilk s Xvp_jkw*_ s X*kfqXppuXvzqilkf
k`bVcjcaXvp32¥ilb,kVvnca_jlXvdrcjXp 9 s drkp$wX s inWdr_akVXl§?b\wilbVzhp s bwvdrcewbVccjXp)pq_ankdnboxNfhzhdn_¼fhvpÕmXvbVnXvklf
*lX*kfqbVXvcjcaX*WYXvklfw*inkfqXvkV_az s Xvp,_jko¤¥ilzqWdrfq_ainkp s drkp,w*X s inWdn_jkVXlI_acªpub Yzd s XcaXvp£rfqXvz,©Pcad
IkI§
 |ω| > ωc ngNdnkp
wX s inWdn_jkVXlv_ac`Xvpuf$mzq*¤¥*zdrVcaX s X kI  dnil_jz$drbw*bVkVXª_ako¤¥ilzqWdgfh_jilk©¢drbw*bVkWYir­
WYX*kf s b'wvdrcewbVc¡§V]`_akVinkI s b¤@dn_¼f s X¢cad\mC*zh_ji s _ephdgfq_aink s b'pqmCXvw3fhzqXcainzp s X¢c¡  vwSdnklfh_jcacainkVkdnnXl






2¥mbVcaphdgfh_jilk WYdrxo_jWdrcaX s b pq_jlkdrc,pqinbzhw*X
Φ(y,t)
9=pqX8fqzhinbnX*zd SVinzp s X
[−ωmax,ωmax] §`°IXpª¦bdgfh_jilkpÎzhvpqincabVXvpÎfhdnkfﬁca_jkVdr_azqXp*l_jcCkI  tdmdnp s   vwSdnkVnXXvkfqzhX¤¥zq¦bVX*kw*Xn§






[−ωmax,ωmax] l_acCXvpuf pqX*zd s XWY¬*WYXNmilbVzﬁcaXvpﬁpu_ankdrbox s XNpqinzqfq_aXvpv§ny









































−2∆t −∆t t∆ 2∆t2∆t−∆t−2∆t t∆
∆t
t0
f   (t)
Troncature
t0
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kKpqXmVcednwXXvk=bVk=mCin_aklf

















































s il_¼f¬*fqzhX%©drk s Xcj_aWY_¼fh*X2 s X%cj_aWY_¼fhXkVinfq*X
ωs
9
dDIk s XmilbVnil_jzTbofh_jca_epuXvzcad s _ephwzhfq_ephdgfq_aink s Xced\pqmVSVUvzqXbVk_¼fh s XcadYpqXvwfq_aink=o§ V§
]`_Tilk _jkfqXvzqmCincaXkirfqzhXbVk_a¦bVXvwSdnklfh_jcacaink s XWYdnkV_aU*zhXkdAlXnÕmdrzX*xoX*WYmVcaXwilkpufhdrkfhXmdrz
WYilzhw*XvdrbVx 2@w*inWYWYX%pqbVzcedIlbVzhX  i =cjX\pumCXvwfqzhX s b:pq_ankdncÕinVfqX*k`bKXp}fNbVk:pq_jk`bpNw*drz s _akdrc%9Tilb
ca_akVvdn_jzhX*WYX*kfﬃ2@w*inWYWYX'pqbVzced IlbVzhXPn:i  caXPpqmCXvw3fhzqX'XvpufbVk pu_ak`bpYw*drz s _akdrcdnb w*dnzqzh79{drcainzp
caX\zqpubVcjfhdrf¢kÕ  Xp}fmdlpN©drk s XYcj_aWY_¼fh*X2¥i8drcainzp s X%WdnkV_jUvzqXYdrmmVzqiowSVvXX*fdlXvw,bkVXYcj_aWY_¼fhX
ωs
fhX*cacjXvWYX*kfª*caX*l*X¦bVXcaXkVinW%VzhX s Xmil_jkf s   _aklfhX*zhmilcadrfq_ainkpqbVzÎcedpumVSU*zhXbVkV_jfqpqX*zdr_jfÎmVzqilSV_aV_¼fh_¼¤*93§
∆t
−2∆t −∆t t∆ 2∆t t0
f   (t)
Spectre
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∆t
−2∆t −∆t t∆ 2∆t t0
f   (t)
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     t−pi/∆
∆t
−2∆t −∆t t∆ 2∆t
t





f   (t)

	ﬂV  !&0 !# 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?)nXwKwX*fufqX:¤¥inzhWbVcaX s   _aklfhX*zhmilcadrfq_ainkIﬁinkXp}fPdnphpubzq s   dnil_jzbVkzhvpqbVc¼fdgf©Fdrk s XKcj_aWY_¼fh*X
2:InbzqXV793§;{k zqXvgdrkwSVXlﬂcad=w*ink`nXvzqlX*kw*X%caX*kfhX s b pu_ak`bp,wvdrz s _jkdrc{nXvzhpPzqXvk s wXfqfqX¤¥ilzqW%bVcaX
mCX*bVf$bofh_jcaXTX*k%mVzhdrfq_e¦bVXn§8;{k\X«XfvmCinbVz s Xp$zhdn_apqinkpÕ*`_ s X*kfqXp s   _aWYmVcjvWYX*kfhdrfq_ainkIkVilbp
wSVX*zwSVinkp
bk_akfqX*zhmCincedrkfT¦bV_ fhinbofX*k'fdrkf©\drk s X¢ca_aW\_jfqvXdn_¼fXvkmVcabpTbVkPpqbVmVmCinzqfTXvkfhX*WYmpTca_jWY_jfq
2A©bkVX%XvzqzhX*bz
ε
mVzhUvp*93§y$inbVzNfqzhinbVlX*z¢bVkVX%fqXvcjcaX¤¥ilkw3fh_jilkI_jc{pqbYf s X%zhX*lX*kV_azN©cadmVzhX*bVlX s X\cad











r(t − n∆t) 2Al 9
y$inbz¦lbX,wXfqfqX¤¥ilzqW%bVcjXpqin_jf





puil_¼f¢*ldnc)©: 2¥ilb=fqzhUvpNmVzhiowSVX79 s drkp




pqin_jfTvldncI©\2@inb'fqzhUvpTmVzhiowSVX79 s dnkp fqilbpTcaXvpT_aklfhX*zhgdrcacjXp
[−ωmax + n× 2ωc,ωmax +
n × 2ωc] dnXw n ∈   ∗ s X\puilzufhX%¦bVXcainzp s X%c¡  vwSdnklfh_jcacainkVkdnnXX*f s X\cedmC*zh_ji s _epqdrfq_aink s b
pumCXvwfqzhXNc¡  _jkfqXvzqgdncjcaX
[−ωmax,ωmax] kVXpuil_¼fTmdnpﬁWYi s _In§Vy{zhX*k s zqX rˆ(ω) *ldncC©\%X*k s X*SVilzhp
s
X
































































































































































maxω   max−ω maxω   max−ω















   s−ω sω    s−ω sω
sω   s−ω

	ﬂl  !&0 !# ﬀ ﬀ.

























































































XmCin_aklfp{pubz S XfÎcaXkVinW%VzqX s XmCin_akfhp{Xvk
Ö)ÖÌﬀoÝ3éØ$p
nZ  ﬀ8D&j
fhX*WYmpv§VNdnkpTkVip dnmVmVca_awvdgfh_jilkp*obkVXmVzqw_epu_aink s X
10−2
puXvzhd%mVzhindnVcjXvWYX*kfTpqbphdrkfqXl s   dnbofhdnklf
















−2 caX¢W\XvWVzhX s X s zqil_¼fhXNgdrbVf 2@X*k``_jzhink9 33,7
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Φ(x,n∆t)r(t − n∆t) mCinbVz |t− n∆t| ≤ pt∆t
0















[−ωmax, + ωmax] ©\bVkVXX*zhzqXvbVz εt mVzhUvpv§
 L  W S <b)SmP`cTV N  RgfWHYcTb)f0V
 giTi
h






































fhdnkfTk`bVcacaXNmCinbVz |t− n∆t| > pt∆t oXfced%¦bdnkfq_jfq ~s. ~yM fdrkfwinWYmVzh_epuXNX*kfqzhX −RC
X*f
RC
ced¤¥inkwfq_aink s XNzd s _edgfh_jilk FC(~s,t) Xvpuf mCinbzTphd,mdrzqf k`bVcacjX¢mCinbVz |t− n∆t| > pt∆t + RC/c §
]VdnwSdnklf¦bVX
RC/c < rt∆t
VilkXvk s  s bV_jf¦bVX FC(~s,t) Xvpufk`bVcacjXmCinbVz |t− n∆t| ≥ (pt + rt)∆t §
FC(~s,tk) Xp}f¢kbcjcaXmCinbVzfqilbof k l*zh_Idnkf |k − n| ≥ pt + rt §°IXkinWzqX s   vwSdrkfq_acjcainkpkVilk
k`bVcep%milbVz FC Xp}fYdrb mVcjbp 2(pt + rt) − 1 §ª~ﬁX'kVinW%VzqXXvpuf s ilkVkV'milbVzYcadK¤¥inkwfq_aink FC s drkp
pqink X*kpqX*W%VcjXl)Wdn_ap\pu_ ink p*  _jkfh*zhXvphpuX©:bVkVX s _azqXw3fq_aink
~s
mVzhvw*_apqXilb drb w*dnp%mdnzufh_aw*bVcj_aX*z s   bVkVX
w*X*cacjbcjX C s inkVkVvXnTcaX:kVinW%VzhX s   vwSdnkfq_acjcainkpkVink kbcap'mCX*bofP¬fhzqX drcainzpmVcabp¤@dr_aVcjX 2äfhinbofPX*k
zhXvpufhdnkf¢pqbVmvzq_aX*bz©
2pt + 1
cjXYkVilWVzhX s   wSdrkfq_acacjilkp¢kVink5kbcap¢mCinbVz
r
93§Õy$ilbVzpu_aWYmVcj_ﬁIXvzvink
zhXfh_jXvk s zdY¦lbXEﬁ &jﬀ 	!#$ *(-	ﬀ&%%ﬁD&+m&jﬀ& &0 +  &j !ﬀ&j(.
ﬀ&   #$ﬀ
ﬀ.
ﬀ& FC -+- ﬀEj ,+
2(pt +rt)−1 ¢drkpÎcjXwvd s zhX s   bVkw*dncaw*bVcVW%bVc¼fh_jmC£ncaXWYinkir­ kV_jlXvdnbIgwXkVilWVzhXTXvpufªcaXWY¬*WYXmilbVz
fhinbofhXvpcaXvp ¤¥ilkw3fh_jilkp s Xzd s _adrfq_ainkI§]`_Õink'bofq_acj_epqXbVkVX±{²K²7Wbc¼fh_¼­ kV_anXvdnbI
rt
s vmXvk sPs b=kV_anXvdnb
s inkw%wXkinWzqX,Xp}fcaXWY¬*WYX\milbVzfhinbofhXvpNcjXp¤¥ilkw3fh_jilkp s X%zd s _adrfq_aink FC pu_jfqbVvXvp¢©bVk5kV_anXvdnb
s inkVkVl§





































© −ω s dnkpﬁkVirfhzqXwvdrcewbVcfqXvWYmilzqXvcA§`bmil_jkf s X`bVX






pv  drmVmVca_e¦lbX*kf© Fˆ §












±$R s X FC(~s,t) rpqin_jf{w*drcewbcjXvz s _azhXvw3fhX*WYX*kf
FˆC(~s,ω) ©Ymdrzqfq_az s X 2¡n 9X*k=w*dncaw*bVcadnkf Φˆ(y,ω) mdrz±
±


























c¡  v¦bdgfh_jilk 2u9 n







Tˆ ~MM ′(~s,ω) = e
−iω~s. ~MM ′/c 2¡r9
Ö)ÖÌﬀoÝ3éØ$p
l  ﬀ8D&j
?_jkpq_$vwzh_jfqXnwXfqfqX¤¥inkwfq_ainkPkI  XvpufNmdlp s X,cedrzhnXvbVz s X,dnk s X IkV_jX%pubVzNcadpumVSU*zhXbVkV_jfq S §°IX
mzqi s bV_jf s Xﬁw*ink`nilcjbofh_jilk s X
T ~MM ′
mdrz FC kVXªmCX*bof s ilkwÎmdnp$¬fhzqXﬁ_jkfqvnzhﬁpqbVz S `_adcad¢¦bd s zhdrfqbVzhX
mzqpuXvklfh*X©cedpqXvw3fh_jilko§ V§ ÀcCwilk`_aX*kf s ilkw s XfqzhinbVlX*z{bVkVXzqXp}fhzq_ew3fh_jilk s X
T ~MM ′
drbox%¤¥inkwfq_ainkp
s X L2(S) s XNcedrzhnXvbVz s Xdrk s XN_ako¤¥*zh_aX*bVzhXNilbvldrcaX© L §`y$ilbVzwX¢¤@dr_azqXl`inkkirfqX Pl caX¢milcjt`kV£lW\X
s X°ÕX*lX*k s zhX s XzhdnkV
l









x = ct/MM ′
Xf































































































































































irfqilkp$¦lbXﬁkVilbp$drbVzh_jilkpImb s  s bV_azqX 2AlŁ 9 s _azhXvw3fhX*WYX*kf s X 2¡rX9I©mdrzqfq_az s Xﬁcad s winWYmCilpq_¼fh_jilk










kkirfqX GC′ caXªzhvpqbVcjfhdrf s Xªcedwilklincabofq_aink s XªcadT¤¥ilkw3fh_jilk s XÎfhzhdnkpu¤¥X*zqf
T L~MM ′
Xf s Xced%¤¥inkwfq_aink s Xzd s _edgfh_jilk FC n
GC′(~s,t) = T L~MM ′(~s,t) ∗ FC(~s,t)
NbPmil_jkf s X`bVXmVS`topq_a¦bVXl GC′ zhX*mVzhvpqX*kfqXc¡  dlw3fh_jilk s X C pqbVz C′ §
dnmVmCX*cainkp$¦bVXﬁced¤¥ilkw3fh_jilk FC(~s,t) Xvpuf)k`bVcacaXﬁmCinbVz |t−n∆t| > pt∆t+RC/c w*X ¦bV_zhX*mVzhvpqX*kfqX





Xp}f¢cad s _apufhdnkwX s b=fqzdrkp}¤¥Xvzuf 2@_A§ Xn§CX*kfhzqX,caXvp¢wXvkfqzhXvp s XpCi  efqXp C Xf
C′ 9ﬁX*k'kVinW%VzqX s X c∆t §V°Õd%¤¥inkwfq_aink s X¢fqzdrkpu¤¥X*zqf T L~MM ′(~s,t)
XvpufTkbcjcaXmilbVz |t| > MM ′/c s inkw
dnbphpu_VmCinbz |t| ≥ dt∆t §°IXkVilWVzhX s   vwSdnkfq_acjcainkpÎkVinkYk`bVcepÎmCinbVz T L~MM ′(~s,t)
Xvpufﬁdnb\mcjbp
2dt−1 §
°)dY¤¥inkwfq_aink GC′ pqX*zd s inkwk`bVcacaX,milbVz |t− n∆t| > pt∆t + (MM ′ + RC)/c s ilkw,d\¤¥ilzufh_jilzq_
mCinbz |t − n∆t| ≥ (pt + rt + dt)∆t §;{k:¤@dn_¼fﬂmdrzcaX¢|}X*b s XYcA  vwSdrkfq_acjcainkkdrlXnCcad¤¥inkwfq_aink GC′
dnbVzd
















































































































































































°ÕX kigtldrb bpubVXvc 2@w*inzhzqXpumCink s drkfdrb»kVigtldnb ¤¥zhv¦bVX*kfh_jXvc
eikR/4piR
9w*ink s b_¼f=© bVfq_acj_epuXvzPcad
¤¥ilkw3fh_jilk s Xfqzdrkpu¤¥X*zqf 2A
 













~r = ~yx− ~MM ′ §`°IXNkVigtldnbdrkfq_j­Àw*drbpqdncwilzqzhXvpqmilk s drbkVigtldnb%¤¥zhv¦bVXvkfq_aX*cwinkr|}bVnbV
e−ikR/4piR


















y$inbzmCinbVlin_azpuilbpufqzdr_azqX 2An9Xf 2AV89XfYpuXzdrmmVzqiowSVXvz s XcedP¤¥ilzqW%bVcjX 2A  X93$ink zhX*WYmVcednw*X
~s
mdnz −~s s drkpced:pqXvw*ink s X¤¥inzhWbVcaXn§Î~ﬁinWYWYXwn  Xp}fYbVkVX'_aklfh*lzhdncjXpqbVzq¤@dnw*_a¦bVXlÕ_ac kÕ  tFd:mdnp s X









































Tˆ L~MM ′(~s,− ω) =
  L
~MM ′


































Pl(−x) = (−1)lPl(x) 






X −ω o_jcIzhXvpufqXbVkX¤¥inzhWbVcaX¢fqzhUvpTmVzhiowSVX s X 2AlŁ 9 n










°)d s _¼«*zhX*kwX s dnkpcaXvpw*inkpufhdnkfqXvpTmzqig`_aX*kf s XvpNwSVin_jx¤@dr_jf s dnkpced s !IkV_¼fh_jilk s Xvp¤¥inkwfq_ainkp
s Xfqzdrkpu¤¥X*zqfTn
T L~MM ′
kI  _jkw*cjbVf%mdlpcjXwi`X w_aX*kf −1/8pi2c s XcA  v¦bdrfq_aink 2u 9¢k_ªced s *zh_jl*XXvk
fhX*WYmp 2A¦bV_ªmVzhi s bV_jf,cjX
iω
9Iwinkfhzhdn_jzhX*WYX*kf,©'cad'¤¥ilkw3fh_jilk s XYfqzdrkpu¤¥X*zqf¤¥zq¦bVX*kfq_aX*cacaX¦lb_ :X*cacjX




X*f¢mCX*zhWYXf s X\mVzqXvk s zhX
L = +∞ §<?_akpq_AcaX%kigtldrb:W\i s _ﬁIYwSVin_epq_)mCX*zhWYXf s X%kX\w*inkpqX*zhnXvzN¦bVX




cjXp s _ wbc¼fhvp
k`bVWY*zh_a¦bVXp$cj_a*Xp$©¢wX*fufhXTpq_akVnbVcedrzh_jfqn§°Õd¢pqX*bVcaXwinkfhzqXvmdrzqfq_aX
dnbzhX*WYmVcednw*X*WYX*kf s bkVigtdrbzh*XvcmdnzTcjX¢kVigtldnbWYi s _IXp}fTcA  _aklfhzqi s bw3fq_aink s   bVkpq_jlkdrc¤@drkfh£nWYXn
¦bVXc¡  ilkPmXvbofdr_epuvWYX*kfpubVmmVzq_aWYX*zwvdrzTinkPXvpuf s drkpTcjX s ilWdr_akVX¢fqX*WYmCinzhX*c¡§
 giTi 
 C·v  
"V·¥µ









































x ∈ Γ ∩ C′ puX¤@dr_jf¢`_ed s XpmCin_akfhp s X dnbpqpNmVcednw*vppqbVz Γ §
°ª  _akfqvnzdgfq_aink=pqbVz
~s ∈ S puX¤@dn_¼fNX*kKmdlpqphdrkfXvk=zqXvbX,cjXpmCin_akfhp s X s _epqw*zq*fq_epqdrfq_aink s X%cadpqmVSVUvzqX
bkV_¼fh S 2Aw3¤}§VpqXvw3fh_jilk'V§ X93§;{kIkÕVwinWYmofhXfhX*k`b s XNced s !Ik_¼fh_jilk s X χm(t) 2@w¤}§,InbzqX 9ﬁ¦bV_ﬂgdrbof
1
mCinbz





X%cad¤¥inkwfq_aink GC′(~s,t − ~s. ~M ′x/c) XvkfqzhX tm−1 Xf tm § ?_akpq_ApqX*bVcaXvp
caXvpgdrcaX*bVzp
s
X GC′(~s,t) milbVz s Xp s dgfqXppq_¼fhbV*Xp s dnkpc¡  _jkfqXvzqgdncjcaX t ∈ [tm−1 − RC/c,tm + RC/c]
pqX*zhinkfTbofq_aca_apq*Xp_aw*_A§




























 L   c<YN[b)f cgf0V SGc "fN "S T\^cdU$Z)U YUGW S
 giTi
h  
   



























~ﬁilW\WYXX*xomVcj_e¦bV©ced,pqXvwfq_ainko§ VlcjXNpu_ankdncdrkfh_¼­Àw*dnbpqdncVXvpufªWdgfh*zh_adncj_epqmdrzﬁbVkY¤¥zqilkf s   ink s X





w*inWYWYX*kf%pqbVmVmVzh_aW\XvzwXp s ilkVkVvXvp,mdrzdnpq_¼fdr_azqXp s XkVipw*dncaw*bVcep*§
¨
kFpuXmcadlwXfhinbg|}ilbVzhp s drkpcjX
wvd s zhX s bwvdrcewbVc s XÎc¡  _akfqXvzhdlw3fq_ainkXvkfqzhXÎbVkVXªw*X*cacjbcjX puilbVzhw*X C X*f)bVkVXﬁwX*cacabVcjX s Xvpufq_akdrfq_aink C′ s XªkVinfqzhX
lzq_acacjXl§D;{kfqilbofÎmCin_aklf
y ∈ Γ∩C lcad¢¤¥ilkw3fh_jilkpuilbVzhw*XTXvpufªk`bVcjcaXmCinbVz |t−n∆t| > pt∆t §?bofqzhX*WYXvklf
s _¼flcaXvpﬁpuilbVzhw*XvpÎw*inWYWYX*kw*X*kfﬁ©vWYXfufhzqXN©cad s dgfhX
Tstart = tn−pt




¦bVXvcaw*ink¦bVX s X%c¡  Xvpqmdnw*XnCcjXYpu_ankdrcI¤@dnkfq£nWYX\_aphpqb s b:mCin_akf
y
Xp}f
kinkPk`bVcÕ©Yc¡  _akfq*zh_aX*bVz s XcA  _jkfhX*zhdncjcaX
[Tstart − d/c,Tstop − d/c] dnXw d = |x − y| §°ÕX,pu_ankdrcIzh*Xvc
Xp}fkVilkPkbcI©YcA  _jkfh*zh_jXvbVz s XcA  _aklfhX*zhgdrcacjX












	ﬂn   @D&  #$D















X C Xf C′ 2¥lin_az InbzqXrX93§r°ÕXTpq_ankdnc`¤@drkfq£lW\XT_epqpqb s X C Xvpuf{kVinkYk`bVcg2A¦lbX*ce¦lbXmdrzqf*9$©c¡  _akfq*zh_aX*bVz
s
X C′ X*kfhzqXcaXvp s dgfhXvp Tstart − dmax/c X*f Tstop − dmin/c §°IX%pu_ankdncIzh*X*cÕ_aphpub s X C Xp}fkink=k`bVc
2A¦bVX*ce¦bVXNmdrzqf*9Î©%c¡  _akfq*zh_aX*bVz
s






Tstop − dmin/c < Tstart + dmin/c
w*X¦lb_Õp*  vw*zq_jfX*kw*inzhX@n



















§C]`_Õilk'bVfq_acj_epuXbk s vw*inbVmdnnXX*k=w*bVX 2@w3¤}§0InbzqXvZ\X*f¢rX93
dmin




Tstop− dmin/c X*f Tstart + dmin/c Xf s   drkVk`bVcaX*zﬁfqilbp
caXvpNpu_ankdrboxPddnkfwXfqfqX s dgfqX
Tcut





`vµCº@Õ·¥µ  V¸  `¸  V  · o$
¨
kw*inkpqX*zhnXcjXpªkVinfhdrfq_ainkp s XcedpqXvwfq_ainkmzqw s X*kfqXl§y$inbzªbofh_jca_apqX*zw*XfufhXWYfhSVi s X s XNwvdrcewbVc
s drkpbVkFpuilcjlX*bVzmdnpu­ ©r­¡mdnpX*kFfqX*WYmpv$_jcª¤@drbof\_jWYmCilpqX*zbkVXpqXvwilk s Xw*ink s _¼fh_jilk n)¦bVXcaXpq_jlkdrc
























































































f(y,t) = t− ~s. ~yM/c §V°IXlzhd s _jXvkf s X¢ced%¤¥inkwfq_aink=wilWYmipuvX Φ(y,f(y,t)) p*  vw*zq_jfTn

















































































kPnil_¼f s inkwdnmVmdrzd efqzhX s X*box'kVinbnX*cacaXvp s vzq_anvXvpTX*k'fhX*WYmp s dnkpcaXvpwvdrcewbVcep s   _jkfh*nzdgfh_jilk
X*f s   _jkV_jfq_edrca_epqdrfq_aink s XcA  drcanilzq_jfqSW\Xl§
¨
zv s drkp




fhzhdnkpu¤¥*zhX*z s drkpTcA  inmC*zdgfhX*bVz s Xfhzhdnkp}¤¥Xvzuf
TMM ′
¦lb_Ip*  vw*zq_azhd s puilzqWdr_epgn








































· ilk'w*ink`nilcjbX FC mdnz





























































inbp¢drcacjilkpNWYdn_jkfhX*kdnklfNXxomVca_aw*_¼fhX*z s XWdrk_jUvzqX\winkwzhUfqXcjXp s _j«*zhX*kfqXp¤¥ilkw3fh_jilkpbVfq_acj_epuvXvp
cainzp s XcA  drcanilzq_jfqSVWYXW%bVc¼fh_jmC£ncaXfhX*WYmCinzhX*c¡nmVbV_epÎmzqpuXvklfhX*zÎcaXvpªmVzhX*WY_jXvzhpÎzqpubVcjfhdrfhpªinofhX*k`bpÎcainzp s X
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 .~s 2@ 9
ÀcÕdnmVmdnzhd  af s inkw¢fqzhin_epﬁWdnkV_jUvzqX s X,wvdrcewbVcaX*zTced\¤¥inkwfq_aink s Xzd s _edgfh_jilk n
puil_¼f s _jzhXvwfqX*WYXvklfXvkfhX*WYmCinzhX*cIdnXwced%¤¥inzhWbVcaXE2@nZX9 
puil_¼fXvk¤¥zhv¦bVXvkfq_aX*cÕdlXvwNcad%¤¥inzhWbcjXE2@ 9 pqbV_j`_aX s   bkVX,±
±$R»_aklX*zpuX 
































































































































































































b w*dncaw*bVc2AdrbVzd5fu­ ink mVcabofq£nfXpuil_jk
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wilkwXvzqkdrkf{cjXp{mXvzu¤¥ilzqWdnkwXpgn s   bVkVXmdnzuf s drkp{cad¢¤¥ilzqW%bVcaX
2ArZ,93VcaXvpdnmVmCX*cepzh*mCfqp©YcedY¤¥inkwfq_ainkﬃ?yﬁ]
r(t)
s IkV_aXmdrz 2ArX9 zhdncjXvkfq_epqpqX*kfcaX,w*drcewbcA§ ÀcÕpuXvzhd






© s IkV_azv§l  drbofhzqXmdrzqfv s dnkp




ω zdrmVmCX*cacaXv_ s XvW\WYXvklfw*X*cacjXPinpuXvzql*X s drkpYced5±{²K² 2Adrb pu_ankVX'mVzhUvp%fqilbofqX*¤¥in_ep 9§ ω
mzqXvkdrkf{milbVzªgdncjXvbVz{bVkVXpqbV_jfqXca_akVvdn_jzhX




XvkFfhX*WYmp*9ced:pqbV_jfqX s Xp%X*xomilkVX*kfq_aX*cacaXvp%Xvpuf\l*inWY*fqzh_a¦bVXl§H;{cacaXvpYmCX*bVlX*kf s inkwpuX s  s bV_jzhX s Xvp
fhX*zhWYXvpÎmzqw s X*kfhpﬁmdrz pu_aWYmVcaXWbc¼fh_jmVca_ew*dgfh_jilk2@w*XN¦bV_wil¯ofqXfqinbr|}inbVzpÎWYin_akp wSVX*z ©wvdrcewbVcaX*zªpqbVz
bk'ilz s _jkdrfqXvbVz¦lbÕ  bVkXXxomilkVX*kfh_jXvcjcaX79§
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· °Î  fdrmCX s Xfhzhdnkpu¤¥X*zqfªwinkpu_ep}fhX©¤@dr_azhXcad,w*ink`nilcjbVfq_aink\mdrzÎced¤¥ilkw3fh_jilk





















XzdrkV ≤ L  T ~MM ′
Xvpuf¢dnmVmVzhi`wS*Xmdnzcad
¤¥ilkw3fh_jilk n



































2dt − 1 = 73 wSdrkfh_jcacjilkp
kinko­ k`bVcap 2
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2dt− 1 = 73 vwSdrkfq_acjcainkpÎkVilko­¡k`bVcepv GC′ drbzhd,dnbmVcabp










































































Tˆ L~MM ′ (~s,ω)
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Gk ∈ Γ 































X GC′ wilWYmilzufhXﬁdrb%mVcabp 2(pt+rt+dt)−3 vwSdnklfh_jcacainkp
kinkFk`bVcepmCinbz%caXvp
s
dgfhXvp\wilW\mzq_epuXp,XvklfhzqX −(pt + rt + dt − 2)∆t Xf +(pt + rt + dt − 2)∆t §
y$ilbVzw*dncaw*bVcjXvz
~g(Gk ,t)
VilkP_jkfqXvzqmCincaX GC′ s XWdrkV_aU*zhX,d  kVXmdnzWYinzwXvdnboxilb'`_edYbVkVX¤¥ilkw3fh_jilk
?Nyª]KpqbV_agdrkf¢cedmzqw_epu_ainkKzhXv¦bV_epqXn§NdnkpcaX\mVzqXvWY_jXvz¢wvdnpvCw*XfufhX%_akfqXvzqmCincedgfh_jilkKfdrkf¢k`bVcacaXmCinbVz
|t| > (pt + rt + dt − 1)∆t ﬂcad¤¥inkw3fq_aink ~g(Gk,t) XvpufmilbVz,pqdmdnzufk`bVcjcaXYmilbVz |t| > (pt + rt +
dt − 1)∆t + RC′/c §ª]VdnwSdnklf¦bVX RC′/c < rt∆t ªink X*k s  s bV_¼f¦bVX ~g(Gk,t) Xvpufk`bVcacjXPmCinbVz
































caX s _adnW\U*fqzhX s X\c¡  ino|}X*f
Γ
X*k kVilWVzhX s X
c∆t
ﬂilk:X*k s  s bV_jf¦bVXYcaXYkVinW%VzqX
s   wSdrkfq_acacjilkp kVinkPk`bVcep s X
~g(x,t)
kX s *mdlpqpqX¢mdnp
2(pt + Dt)− 1 §

µ  
" ¥vµ ! `
`Õº¥· o· ]`bVz{ced`InbVzhX nZinkYwilWYmdrzhXªcaXvp
gdrcaX*bzhp s Xp s X*nzhvp s XTca_jCX*zqfq









nZ2@93inkbofq_acj_epqXNced,WY¬*WYX¢WYfqSi s XNmCinbVz ¤@dn_jzhXzdtnilkVkVX*zªcad,¤¥inkwfq_ainkpqinbzhw*X"?yﬁ]§;{kIkIVpqbVz cad
InbVzhXNnZ2@w793inkWYilklfhzqXNcjXpªgdncjXvbVzhpﬁinVfqX*k`bVXpªmdrzªced%W\*fqSVi s XNWbVcjfq_amC£ncaXn§o°IXw*dncaw*bVc s XNced IlbVzhX
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NdnkpcaXYwvd s zhX s   bVk8pqincanX*bz¢w*inWYmVcaXfvIw*XfqfqXYX*zhzqXvbVz¢kVXwinkwX*zhkVXY¦bVX%caXvp_akfqXvzhdlw3fq_ainkpcaXvp
mVcabpcain_aklfdr_akVXvp¦bV_Ipqinkfdrbpqpq_ﬂcjXpTmVcabpT¤@dr_aVcaXvpv§
 ]`_VcaXTzqpubVcjfhdrfÎpuXvzuf{©¢cjiow*dncj_epqX*z s Xvp$¤¥zhv¦bVXvkwXp s XTzqpuilkdrkw*Xn_acoXvpuf{dncjilzhp$`_epubdncj_epqﬁXvk%wSVX*cacjX
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ilk¤¥inkw3fq_aink s XNced,mCilpq_jfq_aink s b s X*lzq s Xca_aXvzufh¢¦bV_C*WYXfTc¡  ilk s XXvk s _azhXvw3fh_jilk s X¢cA  drbVfqzhXNpqmVSVU*zhXn§
]VdnwSdnklf¦bVX%cedpqXvw*ink s X\pqmVSVUvzqX%Xvpufw*X*kfqzh*X%X*k
x = y = z = 6,6
WPink winkp}fdgfqX\¦bVX%c¡  X*zhzqXvbVz
cedmVcabp¢mCXfq_jfqX%XvpufNilofqXvkbXcainzpq¦bVX,cedpqbVzq¤@dnw*X,*WYXfqfqzh_aw*XXp}f¢mXvzqmCX*k s _aw*bVcadn_jzhX©cad s _jzhXvwfq_aink s X
mzqilmdrdgfq_aink\nXvzhpÎcad,pqXvw*ink s XpumSVU*zhXn§X?wilklfhzhdnzq_aigc¡  X*zhzqXvbVzÎWdgxo_aWYdncjXXvpufªinofhX*k`bVXNcjilzhph¦bVXwX*fufqX
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vldnc©¢VíX*f{cad¢pu_aWbcadrfq_aink s bVzqXnnmdnp s X fqXvWYmp 2@w*XT¦bV_ozhX*mzqpuXvklfhXªmVcabp s Xr¤¥in_ep$cad
s bVzqvXkVwXpqphdr_azqXNdrbpq_jlkdrcCmCinbVzﬁfqzdnXvzhpqX*zÎc¡  ino|}X*f*93§,?»cA  _aphpqbVX s bw*dncaw*bVcA`ilkmdnphpqXcaXvpﬁminfqX*kfh_jXvcap
pqbVzq¤@dnw*_a¦bVXpÎinVfqX*k`bp s dnkpªcaX s inWdr_akVX¤¥zq¦lbX*kfq_aX*cCX*kkVXdrz s drkfﬁ¦bVX¢cjXpÎ¤¥zhv¦bVXvkwXpª_ako¤¥vzq_aX*bVzhXvp
© gŁg Xvzufh® 2¥_acÎt:Xvk8dKn9§
¨
k8w*inWYmdnzqXdrcainzp¢cjXpzhvpqbVc¼fdgfp s Xvpfhzqil_apw*i s Xvp s   vcjvW\Xvkfhp Ik_ap
pqbVzq¤@dnw*_a¦bVXp pqbV_agdrkfhpTn
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  °IXw*i s X¤¥zq¦bVX*kfq_aX*cªbofq_acj_ephdrkfbVkFpqincanXvbVz s _azqXw3f,Xf%cadnkwXvk8fqinbVf%n¤¥in_epvÕbVkVXY¤¥il_apmdrz
¤¥zq¦bVX*kw*Xfqb s _jvX,©Ymdrzqfcad%¤¥zhv¦bVXvkwXk`bVcacjXl§
]`bzcjXp[InbVzhXvpT  `inkfhzhdlwX¢cjXpTvwvdrzqfhpﬁzqXvcadrfq_j¤@pﬁXvkfqzhXNcaXvpTmCirfhX*kfq_aX*ceppubzu¤@dlw_e¦lbXvp s Xzq*¤¥*zhX*kw*X
X*fcjXp s X*boxdnbofqzhXvp zhvpqbVcjfhdgfp*`Xvk¤¥ilkw3fh_jilk s Xced,¤¥zhv¦bVXvkwXl§
¨
k¤@dn_¼fwX*fufhX¢*fqb s X,pubVz¦bdrfqzhX¢wvdnpgn
 BkVX,pqmVSVUvzqXzh_jl_ s X2A©Ylr\_akwilkVk`bVXvp*9 
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?b WY¬vW\X\fh_¼fhzqX¦bVXYcedWYfhSVi s XWbc¼fh_jmC£ncaX\¤¥zq¦lbX*kfq_aX*cacjXlﬂcjXbof s XwX*fdncjlinzh_¼fhSVWYX%Xp}f s X
s _jWY_akbX*zÎcaXvp
fhX*WYmp s Xzqpuilcjbofh_jilk%mCinbz s XvpÎmVzqilVcaU*WYXvp s Xlzhdnk s X fhdn_jcacaXn§ ;{kY¤¥zhv¦bVXvkfq_aX*c¡npubz s Xvp
mzqilVcjUvWYXvp
©bkYpqX*bc`pqXvw*ink s WYX*W%VzqXlbVkpuilcjlX*bVz$_¼fh*zdgfh_¼¤Cbofq_acj_ephdrkf{bVkVX±{²K² ilmofq_aWY_apq*X s Xv`_jXvklf
zhX*kfdrVcaX"2@mdrz
zdrmVmCinzqf$©bVk\pqincanXvbVzÕ_jfqvzhdrfq_j¤wcednphpq_a¦bVX89I©Nmdrzqfq_az s X ¦bVXvca¦bVXp)WY_acjca_aX*zp s   _akwilkVk`bVXvp
4avﬀ6¡§ ;Îk%fhX*WYmCinzhX*c¡rcjXpqX*b_jcoXp}f s _ w_acjX©vgdrcabVX*zÎd¢mVzh_jilzq_¡rpqbVzufhinbofÎ©wXpufhd s X s b s *lX*cainmVmCX*WYXvklf
s XNc¡  dncjlinzh_¼fhSVWYXn§`drkVWYin_akpv`bVkdgdrkfdrnXkVXf s X¢cA  drcanilzq_jfqSW\XNWbVcjfq_amC£ncaX¢Xp}f¦bVX¢cA  dnphpuXvWVcedrlX
s Xvp¢Wdgfqzh_ewXvp¢pqX%zhXvpufqzhX*_ak s zddrbVxK_jkfqXvzhdlw3fh_jilkpmzqiowSVXp*§ﬂ]`bVzcaXYwvdnp~ﬁXfdg¤ﬁ©5Ł  Ł\_akwilkVk`bVXvp s X
cedKpqXvwfq_aink n§ío)cA  dnphpuXvWVcedrlXwinWYmVcaXf s XvpWYdrfqzh_aw*Xvp s bVzqX s }|u©:V =SVX*bVzhXvppubVz%bVkFyﬁ~   ®n§
?)nXwbVkX¢w*zqil_aphpqdnkwXXvk O(n2) owX*fTdlpqpqX*W%VcedrnXmCinbzﬁbVk'w*dlpﬁ©vn§ ln_akwilkVk`bVXvpﬁkVwXvphpq_¼fhX*zdr_jf




bofqzhXwXdr_ak5_aWYWY s _edgf%pqbVzcaXvpfhX*WYmp s   dlpqpqX*W%VcedrnXp*_acÎt5d
vldncjXvW\Xvkf s XkinWzqXvbpuXp mV_apufqXp©\X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Xp s b=w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[tn − pt∆t,tn+p + pt∆t] §
C·v  






























_adrfq_aink GC mCinbzcjXpmVzhi s bV_appqbV_agdrkfhpv§














































































inbpdlinkp\mVzhvpqX*kfh'Xvk fqSVvinzh_jXPXfXvk mVzhdrfq_e¦bVXPcad WYfhSVi s X=WbVcjfq_amC£ncaXPfqX*WYmCinzhX*cacjX=WY_epuX
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